Introduction
Let G be a finite group and let w A IrrðGÞ lie in a p-block of full defect for an odd prime p. We investigate m Q ðwÞ p , the p-part of the rational Schur index of w. At the onset of this work, it was suspected that these Schur indices would not be divisible by p, and in Section 2 below, we show this to be the case when G is either supersolvable or p-nilpotent.
Further motivation came from the situation in which G has a normal Sylow p-subgroup. Of course in this case all irreducible characters of G lie in p-blocks of full defect. Recall that a p-hyperelementary subgroup is a subgroup with a cyclic, normal p-complement and that by results of Brauer, Witt, and Berman G has a p-hyperelementary subgroup H with z A IrrðHÞ such that m Q ðwÞ p divides m Q ðzÞ. If the Sylow p-subgroup of G is normal, all p-hyperelementary subgroups of G are nilpotent. Hence, the Schur indices of their irreducible characters are at most 2, and it follows that p does not divide m Q ðwÞ:
One final case is that in which the Sylow p-subgroups of G are abelian. In this situation, Brauer's height zero conjecture implies that the degrees of the irreducible characters in p-blocks of full defect are not divisible by p. Thus their Schur indices are not divisible by p either.
However, in Section 3 we fix an a A N and construct a solvable group G with irreducible character w lying in the principal p-block of G=KerðwÞ and satisfying m Q ðwÞ ¼ p a . It is crucial to regard w as a faithful irreducible character of G=KerðwÞ, as one can always regard an irreducible character c of a group H as an irreducible character of a larger group G which surjects onto H. This does not a¤ect the Schur index of c, but it can easily be set up to ensure c lies in the principal p-block of G:
The group SLð2; 3Þ has a rational-valued irreducible character w such that
so we assume that p is odd throughout.
We make many references to results in the books of Isaacs [2] and Navarro [3] . We also adopt the following notation: if F is a field and l A N, we let F ðlÞ denote an extension of F formed by adjoining a primitive lth root of unity to F :
Supersolvable groups and p-nilpotent groups
Under the strong assumptions that G is supersolvable or p-nilpotent, the issue is more a question of Cli¤ord theory than of modular representation theory. A p-nilpotent group is a group with a normal p-complement, and it is well known that if w is an irreducible character of such a group then the defect groups of the p-block containing w are the Sylow p-subgroups of the stabilizers of the irreducible constituents of the restriction of w to the normal p-complement. Thus, w lies in a p-block of full defect if and only if its restriction to the normal p-complement has a unique irreducible constituent.
Proposition 2.1. Let G ¼ U z P where p F jUj and P is a p-group. Let w A IrrðGÞ. Assume that w U ¼ wð1Þ p y for some y A IrrðUÞ. Then p F m Q ðwÞ.
Note that we do not need to assume that w is faithful. Because m F ðyÞ divides m QðeÞ ðyÞjQðeÞ : F j and m QðeÞ ðyÞ ¼ 1, m F ðyÞ must be a power of p. However, p F yð1Þ since p F jUj, and we conclude that m F ðyÞ ¼ 1. It follows that y is a¤orded by an FU-module.
This FU-module extends to an FG-module W . This is seen as follows. Because G is p-nilpotent, y extends to a characterỹ y of G, andỹ y is unique subject to the condition p F oðỹ yÞ. Here, oðỹ yÞ denotes the order of the linear character Detðỹ yÞ. This is [2, Theorem 6.28]. If s A GalðF ðỹ yÞ=F Þ, then oðỹ y s Þ ¼ oðỹ yÞ. Soỹ y s ¼ỹ y by uniqueness. Thus
By basic Cli¤ord theory, we have a CG-module V a¤ording w and an expression
where M is a CG=U-module (the 'multiplicity module'), and the action of G is given by the diagonal embedding G ,! G=U Â G. The isomorphism class of M is determined by that of V : Now M is a module for the p-group P. Because p is odd, M can be written over the field F ðbÞ where b is the character a¤orded by M. It follows that V can be written over the field F ðbÞ, and the proposition will follow when we show F ðbÞ ¼ F :
Observe that there is a natural action of GalðF ðbÞ=F Þ on the isomorphism classes of F ðbÞG-modules. Let s A GalðF ðbÞ=F Þ. Then
where we note that
We conclude M s G M, and therefore b s ¼ b completing the proof. r A supersolvable group is a group all of whose chief factors are cyclic. For these groups, we need the standard fact that if N p G, w A IrrðGÞ, and y is an irreducible constituent of w N , then there exist defect groups D w and D y of the p-blocks containing w and y respectively satisfying
Corollary 2.2. Let G be a supersolvable group, and let w A IrrðGÞ lie in a p-block of full defect. Then p F m Q ðwÞ.
Proof. Assume that G is a counter-example of smallest possible order, and let q be the smallest prime dividing jGj. Because G is supersolvable, G has a normal q-complement M:
We have an expression
where y A IrrðMÞ, I is the stabilizer of y in G, and f is a power of q. Form the field F as in the previous proposition. Then G ¼ GalðF ðyÞ=F Þ is a p-group acting on the set fy t j t A G=I g. The size of this set is a power of q. If p 0 q, it follows that G fixes y, so F ðyÞ ¼ F . Also ½w M ; y ¼ f is not divisible by p, and it follows that m F ðyÞ is divisible by p. The character y lies in a p-block of M of full defect, and we have contradicted minimality of G:
Therefore, we may assume q ¼ p, and we are in the situation of Proposition 2.1. r
An example
Fix a A N. We construct a solvable group G with irreducible character w satisfying the following two conditions:
Because G is solvable, (2) above implies that the only p-block of G=KerðwÞ is the principal block. By Dirichlet's theorem, the arithmetic progression f jp aþ1 þ p a þ 1 j j A Ng contains infinitely many primes. Let q be one of these. Then ðq À 1Þ p ¼ p a : For l A N let C l denote a cyclic group of order l: Let Q G C q and P G C p 2a . Let P act on Q such that C P ðQÞ G C p a . Let H ¼ Q z P, and let Z ¼ ZðHÞ G C p a :
Let E be an extraspecial p-group of exponent p and order p 2qþ1 . Then E=ZðEÞ is a vector space over F p of dimension 2q equipped with a non-degenerate symplectic bilinear form given by the commutator mapping ½ ; : E Â E ! ZðEÞ and a choice of an identification of ZðEÞ with the additive group of F p . It is a classical theorem that the full symplectic group Spð2q; F p Þ lifts to a group of automorphisms of E, and this group of automorphisms is trivial on ZðEÞ:
By considering the left action of H on the cosets of P in H ¼ ' u A Q uP we get an injection H=Z ,! Spð2q; F p Þ and hence an action of H on E satisfying C H ðEÞ ¼ Z. We will not need any further properties of this action. Let G ¼ E z H:
Turull has pointed out that the calculations which follow can be simplified using the character correspondences established in [4] . Both approaches ultimately rely on character correspondences between G and N G ðQÞ. Turull's results apply to general solvable groups while what follows uses results from the theory of blocks with cyclic defect groups. Neither approach comprehensively examines the p-hyperelementary subgroups of G:
The group E has p À 1 faithful irreducible characters, each of degree p q . Let y be one of these. Then y vanishes on the set E À ZðEÞ, so because H acts trivially on ZðEÞ, y is stabilized by H: Lemma 1. y extends to an irreducible characterỹ y of G satisfying Z J Kerðỹ yÞ.
Proof. y easily extends to a character of EZ with kernel equal to Z. Now [2, Theorem 6 .28] provides an extension of this character to the group EZQ which is stabilized by P. Because G=EZQ is cyclic, this character extends to G: r We leave the extensionỹ y fixed throughout. The condition Z J Kerðỹ yÞ will be used later to determine KerðwÞ:
Let z A IrrðHÞ satisfy zð1Þ ¼ p a . Using Gallagher's theorem, we have lzỹ y A IrrðGÞ where l A IrrðPÞ. Let w ¼ w l ¼ lzỹ y. Our task is to find l such that m Q ðwÞ ¼ p a : It is clear that m Q ðwÞ ¼ m Q q ðwÞ because wð1Þ is a power of p. Also, Q is a defect group of the q-block of G which contains w. Because Q is cyclic, we can use the main result of [1] to compute m Q q ðwÞ. Letting j denote a fixed irreducible Brauer constituent of w Ã , the restriction of w to the q-regular elements of G, the result is m Q q ðwÞ ¼ jQ q ðw; jÞ :
Lemma 2. For each l A IrrðPÞ, Q q ðwÞ J Q q ðqÞ. In particular, Q q ðwÞ is a totally ramified extension of Q q .
Proof. Let e A E, u A Q, and t A P. Assume that Z < hti. Let g ¼ eut A G. Then wðgÞ ¼ zðutÞlðtÞỹ yðgÞ ¼ 0 because zðutÞ ¼ 0. It follows that w vanishes on G À EQZ. However, the exponent of EQZ is qp a , so Q q ðwÞ J Q q ðqp a Þ ¼ Q q ðqÞ. In particular, the residue class field of Q q ðwÞ is contained in that of Q q ðqÞ which is F q : r Because the irreducible q-Brauer character j is defined only on the p-elements of G, the field Q q ðjÞ is an unramified extension of Q q . Therefore Q q ðwÞ V Q q ðjÞ ¼ Q q . Equation (1) becomes
Lemma 3. Let j 0 be an irreducible Brauer constituent of w Ã . Then q F j 0 ð1Þ, regardless of the choice of l.
Proof. We can lift j 0 to an ordinary irreducible character w 0 of G by the Fong-Swan theorem, and w 0 lies in the same q-block of G as w. If q j j 0 ð1Þ, then q j w 0 ð1Þ, and this implies that w 0 is the only irreducible character in its q-block since jGj q ¼ q, a contradiction. r Let S ¼ EP. Then S is a Sylow p-subgroup of G: Proof. This follows from Lemma 3 combined with [3, Theorem 10.9]. r
Because w E ¼ p a y for each choice of l, we know the irreducible constituents of w S all lie over y. Because S=E G P is cyclic, all irreducible characters of S lying over y are actually extensions of y. Let IrrðSjyÞ denote this set of extensions, and note that the group of linear characters of P acts transitively on IrrðSjyÞ:
The next lemmas show there exists an element f A IrrðSjyÞ which satisfies jQ q ðfÞ : Q q j ¼ p a . We then show that the transitivity of IrrðPÞ on IrrðSjyÞ can be used to choose l in a way that ensures that f appears in the restriction w S . Then equation (2) will imply that m Q q ðwÞ ¼ p a :
Lemma 4. Let y 0 A IrrðSjyÞ. There exist elements e A E and t A P such that (i) y 0 ðetÞ 0 0, and
Proof. Choose m A IrrðPÞ such that oðmÞ ¼ p. By Gallagher's theorem, y 0 0 my 0 . Therefore, there exist elements e A E and t A P such that y 0 ðetÞ 0 mðtÞy 0 ðetÞ. It follows immediately that y 0 ðetÞ 0 0. The equality hti ¼ P follows as well since otherwise we would have mðtÞ ¼ 1: r Let j 0 be an irreducible constituent of ðzỹ yÞ S . As already noted, j 0 A IrrðSjyÞ, and IrrðPÞ acts transitively on IrrðSjyÞ. Therefore, it is possible to choose l such that lj 0 ¼ f. For this choice of l, m Q ðwÞ ¼ p a : It remains to consider KerðwÞ. We have a CG-module V a¤ording w ¼ lzỹ y and an expression V ¼ M n W , for a G=E-module M a¤ording lz and a G=Z-module W a¤ordingỹ y (recall that we choseỹ y so that Z J Kerðỹ yÞ). Now G acts on V via the diagonal map G ,! G=E Â G=Z, and the kernel of this action is contained in ZðG=E Â G=ZÞ. The inclusion KerðwÞ J ZðGÞ follows because the pre-image of ZðG=E Â G=ZÞ in G is ZðGÞ:
We now conclude that 
